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ABSTRACT

Several methods are proposed in order to parallelize loops with non-uniform
and flow dependences, but most of such approaches perform poorly due to
irregular and complex dependence constraints. This paper proposes an improved
filing method of nested loops with non-uniform and flow dependences for
maximizing parallelism. Our approach is based on the Convex Hull theory which
has adequate information to handle non-uniform dependences, and also based
on minimum dependence distance tiling method. We will first show how to find
the incrementing minimum dependence distance. Next, we will propose how to

tile the

iteration space efficiently according to the
dependence distance and how to transform

incrementing  minimum
it into parallel loops. Comparison

with some other methods shows more parallelism than other existing methods.

1. INTRODUCTION

The existing parallelizing  compilers  can
parallelize most of the loops with uniform
dependences, but they do not sadsfactorily
handle loops with non-uniform dependences.
Most of the tme, the compiler leaves such
loops running sequentally. Unfortunately, loops
with non-uniform dependences arc not so
uncommon in the real world.

Several works have been done for loops with
non-uniform dependences. All of the existing
techniques do a good job for some particular
types show wus a

of loops, but poor

performance on some other types of loops.

Some techniques, based on Convex Hull
theory [7] that has been proven to have
enough information to handle non-uniform
dependences, are the minimum dependence
distance tling method [5], [6], the unique set
oricnted partitioning method [4], the three
region partitioning [9], and the improved three
region partitioning method |[3].

This paper will focus on parallelizing
perfectly nested loops with non-uniform and
flow dependences.

The rest of this paper is organized as

follows. Section two describes our loop model,
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and reviews some fundamental concepts.

Section three presents an improved tiling
method for parallelization with nested loops
with non-uniform and flow dependences.
Section four shows comparison with related
works. Finally, we conclude in section five with

the ditection to enhance this work.

2. PROGRAM MODEL AND
DEPENDENCE ANALYSIS

The loop model consideted in this paper is
doubly nested loops with linearly coupled
subscripts and both lower and upper bounds
for loop variables should be known at compile
time. The loop model has the form in Figure
1, where fil, J), oL J), 550 J) and pu(l, ]) are

linear functions of loop variables.

do I =/, m
do | = b, w0
AfL D, foL D) = ...
=Aus, ), 3oL )

Figure 1. A doubly nested loop model

The loop in Figure 1 carries cross iteration
dependences if and only if there exist four
integers (4, ji, #2, jo) satsfying the system of
linear diophantine equations given by Eq. (1)
and the system of inequalities given by Eq. (2).

The general soluton to these equations can
be computed by the extended GCD [1] or the
power test algorithm [8] and forms a DCH

(Dependence Convex Hull).

i i) = Jaliz, o) and g, ji) = gtz ) (D)

h = dne = wand 2 = g = e 2

From Eq. (1), (@, ji, i2, j2) can be represented
as

(@, J1, 12, g2) = @iz go) o(iz, )z), (i, ji)y galin, i)

where g are linear functons.

From Eq. (2), two sets of inequalites can be

written as

A

U
b = g6 j) = woand &2

f; = fg = Iy

i = wand £ = ji = and

1A
1A

2 i) < )

and £~ = ;2 = u and

h = gz ) = wpand 12 = @i jo) = w2 (4)

And, Eq. (3) and (4) form DCHs denoted
by DCH1 and DCH2, respectively [4]. Clearly,
if we have a solution (7, j;) in DCH1, we must
have a solution (i s2) in DCH2, because they
are derived from the same set of Eq. (1). The
union of DCH1 and DCH2 is called Complete
DCH (CDCH), and all dependences lie within
the CDCH.

If iteraton (7 j2) 1s dependent on iteration

(i1, ji), then we have a dependence vector

d(ir, ji) = (adin, jn), @, jn) = (izis, j2ji)

So, for DCHI1, we have
afir, jry = g, ji) - & and
ftn i) = galin, ji) = Jir ©)

For DCH2, we have
afiz, j2) = 12 - giiz, o) and
iz j2) = )2 - &2, 2) ©)
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The properties of DCH1 and DCH2 can be
found in [4].

3. IMPROVED TILING METHOD

Cho and Lee [2] present a more general and
powerful loop splitting method to enhance all
parallelism on a single loop. The method uses
more information from the loop such as
increment factors, and the difference between
the distance of a dependence, and that of the
next dependence. Cho and Lee [3] derive an
efficient method for nested loops with simple
scripts from enhancing [2].

The minimum dependence distance tiling
method [6] presents an algorithm to convert
the extreme points with real coordinates to the
extreme points with integer coordinates. The

IDCH
Dependence Convex Hull) from a DCH. It

method  obtains  an (Integer
can compute di, that is the minimum value
of the dependence distance function d(is i),
and ¢jus, that is the minimum value of the
dependence distance function ¢, ji), from the

of the IDCH. The

minimum dependence distances @i and i

extreme points first
are used to determine the uniform tile size in

the iteration space.

3.1. Data Dependence Analysis in
Non-uniform and Flow

Dependence Loops

From our doubly nested loop model shown
in Figure 1, the array subscripts, fi(l, ), jo(1, ]),
(0 ]), and Ju(1, ]), can be written as

Al J) = ae + bij + cn
Jofl, J) = am + by + o
B J) = ane + baj + cu
Jil, J) = a + baj + e O
By the system of linear Diophantine
equations given by Eq. (7), Figure 1 can be

written as follows.

do 2= /4, w

doj = b,

Afani + bij + ¢, ai + bij + cig) = ..
w = Afad + baj + o1, 22 + baj + o)

enddo

enddo

Figure 2. Another form of Figure 1

The system of linecar Diophantine equations

given by Eq. (1) is written as follows

a“x'-i- b]j + C11 = ﬂ21f + bgj + Cn
a0 + b];j + Cip = ax + bgj + C»

®)

The dependence distance function 47, j) in
flow dependence loops gives the dependence
distances a(is, ji)) and ¢/, ji) in dimensions ¢
and j, respectively. For uniform dependence
vector sets these distances are constant. But,
for the non-uniform dependence scts these
distances are linear functions of the loop
write  these

indices. We can dependence

distance functions in a general form as

(i, ji) = (afir, ji), ¢fir, jin)
dfir, jr) = pr*ir + iy + 1
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efin i) = p2fis + @l + o ®)

where p;, q,, and 1, are real values and 7y, ji,
i, and s> are integer variables of the iteration

space.

The properties and theorems for tling of
nested loops with flow dependence can be

described as follows.

Theorem 3.1 If there is only flow dependence in the
loop, DCHI1  contains flow dependence  tails  and
DCH2 contains flow dependence heads.

Proof: The system of inequalities in Eq. (3)
defines DCH1 and 7 = xy, ji = g1, 12 = @y
+ By + Vi, and o = @uoxr + By T Vi If
there exists flow dependence, we can assume
that (i, ji, 72 y2) 1s a solution to the flow
the
dependence, (71, i)

definition of flow
should be

somewhere in the iteration space before (2, 12)

dependence. From

written

is referenced. So the dependence and execution
order in the iteration space is from (i, ji) to
(i2, 7o), which is equivalent to (7, y7) to (@ nxy
+ By + Vi, @ + fiyr + Vo). Here, (o,
1) is the flow dependence tail. Since (xi, 1)
satisfies Eq. (3) and we have assumed that (7,
J1, iz, y2) 1s a solution, DCH1 must contain flow
dependence tails.

The
dependence heads is similar to the proof for

DCHI.

proof that DCH2 contains flow

Theorem 3.2 If there is only flow dependence in the
loop, then aifx, y) = 0 or ¢j(x, y) = 0 does not pass
through any DCH.

Proof: di{x;, y1) and ¢f(x;, y5) corresponds to
DCHI1 in dimensions 2 and j, respectively, and
dfxcz, 32) and ¢f(xz )2) corresponds to DCH2.
From the definition of flow dependence, we
have either 7y < 2> or &2 = i and j» > ji. Let us
consider the case that 7 < i Since di>r, yi) is
i - 4, DCHI1 is on the side of dfxcr, yr) = 0.
So ai>ci, 31) = 0 does not pass through DCHI1.
In the case that &2 = 7 and ;2 > j;, DCHI is
on the side of ¢(xy, y7) > 0 because ¢(xy, y5) is
o - i Thus, ¢fx, 3) = 0 does not pass
through DCHI.
The proof for DCH2 follows similarly.

Theorem 3.3 If there is only flow dependence in the
loop, the minimum  and maximum  valnes of the
dependence distance function d(xi, yi) appear on the

extreme points.

Proof: From theorem 3.2, when there exists
only flow dependence in the loop, dix, y) =
0 or ¢jxs, y1) = 0 does not pass through any
IDCH, and IDCH is on the side of d{xy, y1) >
0 or ¢fx;, y) > 0. From property in [5], we
know that the minimum and maximum values
of the dependence distance function d(x, yy)
appear on the extreme points. The lines d{xy,
V1) = diin and ¢fx1, ¥1) = G are tangental to
the IDCH. Since both dim

positive, the minimum and maximum valucs

and ¢, are

are the minimum and maximum values of the

dependence distance function d(xy, ).

Theorem 3.4 If there is only flow dependence in the
loop, the minimum dependence distance valne diyiy is

equal or greater than ero.
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Proof: Let (4, ji) and (i, o) be the iterations
that cause any flow dependence. Then, (i, ;i)
and (2, 7o) satisfy Eq. (8). From the definition
of flow dependence, we have either 77 < /2 or
i = 4y and o > ji. We can now solve Eq. (8)
with & = a1, ji =y, 2 = Qo + iy + Vi,
J2 = o + Py + Vi

Let us consider the case that 7 < 2. Since xy
< @uxr + By + Vi, we have (an-Dx; + f
1t ¥ = dfeen yn) = 0050 digin = 0.

In the case that &2 = 4 and 2 > jj, since xy
= auxy + By + viand 3 < @ + iy
+ Via, we also have di(>, y) = 0 and ¢, (x, 1)

> 0. So diwin = 0 and ¢ > 0.

From theorem 3.4, we know that when there
is only flow dependence in the loop and dj, 1s
ZETO, Cjmy s greater than zero. In this case,
since ¢(x1, y1) = 0 does not pass through the
IDCH, the minimum value of ¢ (x5, 1), ¢min

occurs at one of the extreme points.

Theorem 3.5 If there is only flow dependence in the
loop, the difference between the distance of a dependence
and that of the next dependence, a;, is equal to or

greater than ero.

Proof: Let 4, i+1 be values for the soutce of a
dependence, and that of the next dependence,
respectively. Let Dist(i, j), Dist(+1, ;) be the
distances of a dependence and that of the next
Then,

dependence distance function given in Eq. (9),

dependence, respectively. from the
we can know that Dist(Z, ) = pi*7 + q'j + 11
and Dist(f+1, ;) = pi*(F+1) + q'j+ 1. Thus,
the difference @, = Dist(/+1, j) - Dist, ) =

p1-

Case 1: when (p1 = 1), di. = 1.
Case 2: when (0 < p1 < 1),
Let Dist(f, j) = Hceil(ni/m) = i1

where / = 0 and m > ni.

Let diy = p1 = mp/m where m > .

If (m+nz)/m > 1, then Dist(i+1, ) = H2;
So, di, = 1.

If (ni+ny)/m =

So, di, = 0.

1, then Dist(i+1, ) = /+1;

In this case, g, = 1 or dy = 0.

Case 3: when (p1 = 0), din = 0.

Thus, 4y 1s equal to or greater than zero
when there is only flow dependence in the

loop.

3.2. Loop Tiling and Transformation for
Non-uniform and Flow Dependence

Loops

From theorem 3.5, when py > 0 and q; =
0, we know that the difference between the
distance of a dependence and that of the next
dependence in loop with flow dependence, di.,
is equal to or greater than zero.

For each #, di, is incremented as the value
of 7; is incremented. So, the second di, is
equal to or greater than the first one, and the
third one is greater than the second one, and
SO on.

The improved tling method for doubly
with non-uniform and flow

nested loops

dependence is  described as  Algorithm

Tiling_Method, which is the algorithm of
tling loop by the incrementing minimum
dependence distance as shown in Figure 3.
This algorithm

computes the incrementing
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minimum  dependence  distance, tiles the
iteration space efficiently according to the
incrementing minimum  dependence  distance,

and transforms it into parallel loops.

Algorithm Tiling_Method (71, ji, 4, i2, w1, 02,

ais, ji))

i1, ji = ¢ and j value for the source of the first
minimum  dependence  in  the

loop

computed by the extreme points of the

IDCH
by 2, my, m2 : the lower and upper bounds of
outer loop and inner loop,
respectively

dfés, ji) : the dependence distance function of
the IDCH
St, @ 2 value for the first iteration in the sth tle
Str, : ¢ value for the source of the first
dependence in the sth tile
Tg, : j value for the target of the first
dependence in the #-7th dle.
Dist, : the minimum dependence distance value
in the nth dle
Sq : the number of : iterations between a
dependence source and next source,
Sq is given by |ax|/g iterations where g =
gcd(an, an) or |axn|/g iteradons where g =

ged(an, azx) it (an=0 or an =0)

Step 1: » = 1; Su = /; Sn = i1

Disty = ceill(pi*Snn + qi* ji + n);
iin */

Stz = Srp + Disty;

If (bay == 0) then

Tgx =(a12*Sry + bi'jy + c12 - 22*St2 - c22)

/ b

Else Tgo=(a1*St1 + bir'js + cnr - a2*Sta-ca1)

/*first

/ boi;
If Stz = m or Tgx = u2) then
{ St = m + 1; goto Step 4}
Else {goto Step 3};

Step 2: Dist, = ceil(pi*St, + qi*2 + 1);  /*
iy */
Sta+1 = St + Disty;
If (bay == 0) then
Tgus1=(12*St,  +  bu*r + < -
220" Sty+1-C20) [/ bog;
Else Tgn+1=(a1*Statbi*n + cn
-21*Sty+1-C21) / bog;
If (Stas1 = w5 or Tgas1 = u2) then

{ Stas1 = # + 1; goto Step 4};

Step 3: Sty+1 = Stas1 T q,
where 0 = q < Sg and q = (Stas1 - Stp)
mod Sq.
n=n+1; Goto Step 2;

/*Transforming the original into

loop
following parallel loop*/

Step4:n=1;,:=1;
While ; <= # DO
Inc = Styer - St
DOALL i = 4, i+Inc-1
DOALL
Afanz + bij + ci, am + by + cn) = ..

w = Afa2iz + baj + co1, aoe + boj + )
ENDDOALL

2, U2

ENDDOALL
¢ = itlnc; n = ntl;
ENDWhile
Figure 3. Algorithm of tiing loop by the
incrementing minimum  dependence

distance



Example 1.

doi=1,50

doj=1,50

AQG* L, 459425+ = . L.
L SA2RA, 14

enddo

enddo

An example given in Example 1 illustrates
the case that there is non-uniform and flow
dependence. Figure 4(a) shows CDCH of
Example 1. As the example, we can obtain the
following results using the improved dling

method proposed in this section.

Figure 4. (a) CDCH, (b) Tiling by the
incrementing minimum  dependence
distance in Example 1

From the algorithm to compute a
two-dimensional IDCH in [5], we can obtain
the extreme points such as (1, 1), (1, 22), and
(18, 1) as shown in Figure 4(a). The first

minimum value of 47, ji) occurs at one of the
extreme points. The 2 value for the source of
the first dependence in the second rle is 4,
The ¢ value in the third tile is 10, and next one
is 19. But, the last 7 value become 51 because
the last 2 value (= 52) is greater than the upper
boundary of inner loop #». Then, we can
divide the iteration space by four tiles as

shown in Figure 4(b). The result of this loop

transformed by Algorithm Tiling Method  is

shown in Figure 5.

DOALL i = 1, 3

DOALL j = 1, 50

AGHH, 449425+1) = . . .
L EAQRMA, i)

ENDDOALL

ENDDOALL

DOALL i = 4, 9

DOALL j = 1, 50

AGHHL, 44425+1) = . .
EAQRA-, it4)

ENDDOALL
ENDDOALL
DOALL 1 = 10, 18
DOALL j = 1, 50

AGHH, 44425+1) = . . .
 =AQRA, iH4)

ENDDOALL

ENDDOALL

DOALL i = 19, 50
DOALL j = 1, 50
AGHH, 449+25+1) = . .
EAQA-, it4)
ENDDOALL
ENDDOALL

Figure 5. The result of loop transformed by
Algorithm Tiling_Method

4. PERFORMANCE ANALYSIS

Theoretical speedup for performance analysis
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can be computed as follows. Ignoring the
synchronization, and scheduling overheads, and
assuming an unlimited number of processors,
each partiion can be executed in one time
step. Hence, the total tme of execution is
equal to the number of parallel regions, N,
plus the number of sequendal iteratdons, N..
Generally, speedup is represented by the ratio
of total sequendal execution time to the
execution time on parallel computer system as

follows:

Speedup = (N, * N)/(N, + N)
where N, N, are the size of loop 4 4

respectively

Let's consider the loop shown in Example 1.

Figure 4(a) shows original partitioning of
Example 1. This example is the case that there
is only flow dependence and DCHI1 overlaps
DCH2. Applying the unique set oriented
partitioning method to this loop illustrates case
2 of [4]. This method can divide the iteration
space into four regions: three parallel regions,
AREAI1, AREA2 and AREA4, and one serial
region, AREA3, as shown in Figure 6. The
speedup for this method is (50*50)/(3+44) =

53.2.

£~ AREA
L'}

AREAL 7

ARESS

Figure 6. Regions of the loop partitioned by
the unique sets oriented partitioning
in Example 1.

Applying the minimum dependence distance
tiling method to this loop illustrates case 1 of
this technique [5], which is the case that line
afs, j) = 0 does not pass through the IDCH.
The minimum value of dafi j), diw occurs at
the extreme point (1, 1) and g = 3. The
space can be tled with width = 3, thus 17 tiles
are obtained. The speedup for this method is
(50%50)/17 =147.

This example is the case that there is
non-uniform and flow dependence loop.
Applying our proposed method to this loop,
the loop is dled by four areas as shown in
Figure 4(b). The iterations within each area can
be fully executed in parallel. So, the speedup

for this method is (50%50)/4 = 625.

5. CONCLUSIONS

In this paper, we have studied the problem
of transforming nested loops with non-uniform
and flow dependences to maximize parallelism.
The minimum dependence distance tiling
method tiles the iteration space by the first
minimum dependence distance uniformly. Our
proposed method, however, tiles the iteration
space by minimum dependence distance values
the value for the

that are incremented as

source of  minimum dependence is
incremented.

In comparison with some previous methods,
our proposed tiling method gives much better
speedup than the

minimum  dependence

distance dling method and the unique set
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oriented partitioning method.
Our future research wotk is to develop a
method for improving parallelization of higher

dimensional nested loops.
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